We present a recursive method to generate the expansion of the lattice Green function of the d-dimensional face-centred cubic (fcc) lattice. We produce a long series for d = 7. Then we show (and recall) that, in order to obtain the linear differential equation annihilating such a long power series, the most economic way amounts to producing the non-minimal order differential equations. We use the method to obtain the minimal order linear differential equation of the lattice Green function of the seven-dimensional face-centred cubic (fcc) lattice. We give some properties of this irreducible order-eleven differential equation. We show that the differential Galois group of the corresponding operator is included in SO(11, C). This order-eleven operator is non-trivially homomorphic to its adjoint, and we give a "decomposition" of this order-eleven operator in terms of four order-one self-adjoint operators and one order-seven self-adjoint operator. Furthermore, using the Landau conditions on the integral, we forward the regular singularities of the differential equation of the d-dimensional lattice and show that they are all rational numbers. We evaluate the return probability in random walks in the seven-dimensional fcc lattice. We show that the return probability in the d-dimensional fcc lattice decreases as d −2 as the dimension d goes to infinity.
Introduction
Many remarkable n-fold integrals arise in physics. The lattice Green functions are such integrals and they occur in many problems. The number of the integration variables is the dimension and the lattice may be simple, body-centred, face-centred, etc. For a review, see [1] and the references therein. We focus here on the face-centred cubic (fcc) lattices. The corresponding three-dimensional and higher-dimensional lattice Green functions have been analyzed in [1, 2, 3, 4, 5] .
The d-dimensional lattice Green function of the face-centred cubic (fcc) lattice reads
where λ d is the structure function:
For d = 2, the integral is the complete elliptic integral of the first kind K
LGF 2 (x) = 2 F 1 ([1/2, 1/2], [1] , x 2 ) = K(x 2 ).
For d = 3, Joyce [6] has shown that LGF 3 (x) can be written as a square of the elliptic integral K with a pullback
with:
A(x) = 3 3/2 · (3
For higher values of d, no closed form expression for (1) is known. The integral being D-finite [7, 8] , it is possible to study some of its properties via its linear differential equation (ODE) .
The linear ordinary differential equation annihilating the integral (1), for d = 4, was obtained by Guttmann [1] . By a change of variables and integration, he succeeded to eliminate two variables, and was left with a two-dimensional integral which was expanded as a power series in the variable x, and integrated term-by-term. The linear ODE (the corresponding operator is denoted G 4Df cc 4 ) is of order four and is a Calabi-Yau equation (number 366 in the list of Almkvist et al. [9] ).
To obtain the linear ODE for d = 5, Broadhurst [4] expanded the integrand in (1) as a power series, then used the multinomial theorem to re-expand the powers of the structure function. The integration of each term is straightforward, but the computation demands nine summations. The linear ODE (associated with operator G 5Df cc 6
) is of order six, but we do not have the presence of maximum unipotent monodromy (MUM) †.
Koutschan [5] used the method of creative telescoping [13, 14, 15] , and was able to find the ODE for d = 6. This linear ODE (associated with operator G 6Df cc 8
) is of order eight, and lacks MUM. Koutschan seemed pessimistic in [5] on the possibility to obtain the linear ODE for d = 7 with the current methods (of creative telescoping) and computational ressources.
In the sequel, we give the linear differential equation for the seven-dimensional lattice Green function of the face-centred cubic lattice with some of its properties. We focus on some properties (singularities, order, differential Galois groups, ...) shared by the linear ODE of the d-dimensional lattice Green function of the (fcc) lattice, d ≤ 7.
The paper is organized as follows. Section 2 contains the method of generation of the series corresponding to (1) for any d. This amounts to using a recursive relation which is less "summation consuming" than the direct expansion using the multinomial theorem. For d = 7 a long series is obtained. Section 3 recalls some tools on how, and why, a linear ODE can be obtained with series of fewer terms than the one necessary to find the minimal order ODE. These tools have, in previous works, allowed us to obtain many linear ODEs of quite high orders, requiring very long series of some multifold integrals of the magnetic susceptibility of the Ising model [16, 17, 18, 19] , or some integrals of the "Ising-class" [20, 21] . Section 4 presents the order-eleven linear differential equation annihilating (1) for d = 7 with some of its properties. Section 5 deals with some analysis previously [22] carried out on the linear differential operators G 5Df cc 6
and G 6Df cc 8
, for the five and six-dimensional fcc lattices, showing that the differential Galois groups of these operators are, respectively, included in the SO(6, C) and Sp(8, C) groups. As a consequence these operators have a "canonical decomposition" [23] . The order-eleven operator for the seven-dimensional fcc lattice Green function is seen to be non-trivially homomorphic to its adjoint, and we give a decomposition of this order-eleven operator in terms of four order-one self-adjoint operators and one order-seven self-adjoint operator. The singularities of the multifold integral (1), for arbitrary d, can be obtained with "Landau conditions method", and are the subject of section 6. Some comments and speculations are given in section 7, and we finally sum-up our results in section 8.
The seven-dimensional fcc lattice: series generation
A straightforward way to get LGF d (x) would be to expand the integrand in the variable
and to use the multinomial theorem to re-expand λ
We present, in the sequel, how we have generated our series. Let us define the variable z = −1 , and the symbol < · > to mean that the integration on the variables k j , occurring in the integrand, has been performed (with the normalization π d ).
We define
and introduce
in terms of which LGF d (x) will be given by
The intermediate variables ζ d and σ d have the obvious coupled recursions
The right hand side of both (11) , (12) are substituted into (9) to give
where the integration
is straightforward, and where
is a consequence of the definition. The recursive relation giving T d (n, j) reads
where [x] is the integer part of x. To start the recursion, one needs:
Note that the summation on p in (18) can be carried out to obtain a closed form expression of T 2 (n, j), in terms of binomials, 4 F 3 and 5 F 4 hypergeometric functions with unity as argument. While the use of the multinomial theorem leads to (d + 1)(d − 2)/2 summations, there are only 2d − 3 summations in the recursive relation (16) .
To obtain, with recursion (16), the coefficient of x n in LGF d (x), one remarks that one needs all the quantities Td(p, q) of the lower dimensionsd < d, with p, q ≤ n. The recursion (16) is still clearly superior compared to the direct expansion. For instance, to generate 106 terms necessary to obtain the operator G 5Df cc 6
, several CPU days of calculations are mentioned in [4] . With our recursive method, this requires only 31 seconds on a desk computer.
For d = 7 we have generated 460 terms:
LGF 7 (x) = 1 + 1 84
To generate 460 terms our recursive method has required some 12 hours on a desk computer.
Recalls: minimal order ODE versus non-minimal order ODE
To find the linear ODE annihilating a series S(x), like the expansion of (1), we write the linear ODE as [18] :
With the condition a Q0 = 0 (resp. a QD = 0), we automatically satisfy the requirement for x = 0 (resp. x = ∞) to be a regular singular point. Note that since S(x) is the expansion of an integral with algebraic integrand, the ODE will be globally nilpotent and therefore Fuchsian [24] .
The polynomials in front of the (homogeneous) derivative x d dx have all the same degree D, and the problem amounts to solving the linear set of equations L QD (S(x)) = 0 in the coefficients a ij . This method is called by some authors "guessing method".
The linear differential operator L QD , defined by L QD (S(x)) = 0 for a given S(x), is not unique if one does not require L QD to be of minimal order. The advantage of seeking for the non-minimal order L QD is that the number of unknown coefficients to be found can drop dramatically [17] . Among all these linear ODEs, one is of minimal order q and it is unique (its corresponding degree will be denoted by D m ). In terms of linear differential operators, the minimal order differential operator appears as a rightfactor in the factorization of the non-minimal order linear differential operators. The minimal order linear ODE may contain a very large number of apparent singularities, and can, thus, only be determined from a very large number of series coefficients (generally N m = (q + 1)(D m + 1) terms are needed). Other (non-minimal order) linear ODEs, because they carry polynomials of smaller degrees, may require fewer series coefficients in order to be obtained.
The order of the minimal order ODE can, in fact, be obtained, from the nonminimal order ODEs, from a remarkable formula, that we reported in [25] , for which we have no proof, but which has been found to work for all the cases we have considered. This "ODE formula" reads:
The "ODE formula" (22) should be understood as follows: For a long series S(x) we use three (or more) sets of (Q, D) and solve L QD (S(x)) = 0. From this we obtain, for each pair (Q, D), the value of the parameter f , which is the number ‡ of independent solutions (if f > 0, otherwise we increase Q and/or D) for each pair (Q, D). These values (Q, D, f ) are then used to determine m, q and C in (22) . In all cases we have investigated, the parameter q is the order of the minimal order linear ODE that annihilates S(x). The parameter m is the number of singularities (counted with multiplicity) excluding any apparent singularities, and the singular point x = 0 which is already taken care of by the use of the homogeneous derivative x d dx . The parameter C is related to the degree D app of the polynomial, in front of the highest derivative of the minimal order ODE, carrying the apparent singularities. D app reads [18] :
This formula is a direct consequence of (22) and is obtained for the values Q = q, D = m + D app and f = 1 which define the minimal order ODE. The degree of the apparent polynomial is known even if the underlying minimal order ODE has not been produced. For a non-minimal order ODE (Q > q), there is a degree D such that N 0 = (Q + 1)(D + 1) is less N m . Among all these non-minimal ODEs, there is one requiring the minimal number of terms to be found, and which we call the "optimal" ODE (in a "computational sense"). For instance, forχ (5) , the "ODE formula" reads [18, 25] :
The "optimal" ODE, i.e. the linear ODE that requires the minimum number of terms in the series to be found, has the triplet (Q 0 , D 0 , f 0 ) = (56, 129 , 8) which corresponds to the minimum number N 0 = 7402. The minimal order ODE corresponds to the triplet (33, 1456, 1) , and requires N m = 49537 series terms. If we compare both numbers of series terms (for the optimal ODE and the minimal order ODE) for the known lattice Green function of the f cc lattice, one obtains that the minimal order ODE (resp. optimal ODE) requires 40 (resp. 40) terms for d = 4, 98 (resp. 88) terms for d = 5 and 342 (resp. 228) for d = 6. The ODE formula for the d = 6 fcc lattice ODE reads
which gives with (23) an apparent polynomial of degree 25. The gain in the number of series terms required to find the "optimal" linear ODE, instead of the minimal order linear ODE, is 114. The drop in the number of terms is a consequence of the disappearance of the apparent singularities. We expect D app , and the gain, to be higher for the linear ODE of the seven-dimensional fcc lattice. Note that, once the optimal ODE has been obtained, we may produce enough terms of the series to get † the minimal order ODE. The calculations are performed modulo various primes, and the minimal order ODE is obtained by rational reconstruction [18, 26, 27, 28, 29] .
Having recalled the tools that allow us to produce the linear ODE with the fewer number of terms in the series, we now look for the linear ODE that annihilates the generated series (20) .
The seven-dimensional fcc lattice: differential equation
With the generated 460 terms, we seek (modulo a prime) for a linear ODE by solving L QD (S(x)) = 0, steadily increasing Q and/or D (with (Q + 1)(D + 1) < 460) until we get a positive answer (the parameter f > 0). When this happens, we produce four ODEs, i.e. we have four sets (Q, D, f ), that we use in (22) , to obtain the "ODE formula":
The minimal order ODE (underlying our non-minimal order ODEs) is of order eleven and has fifteen singularities (with multiplicity). The degree of the apparent polynomial is 45. With this formula, one knows § that the optimal ODE corresponds to Q 0 = 16, D 0 = 22, f 0 = 3, and requires 391 terms to be found. We have then 69 terms as a check. The parameter f 0 = 3 means that we have three independent linear ODEs with order Q 0 = 16 and degree D 0 = 22. Even if this "optimal" linear ODE is only known modulo primes, and is of non minimal order, one may recognize the singularities, and compute the local exponents at any singular point. At x = 0, the local exponents are ρ = 0 seven times, ρ = 1 three times and ρ = 3. The five extra and "spurious" solutions have no local exponents over the rationals. The "ODE formula" shows that (with Q = 11 and f = 1) the minimal order linear ODE needs 732 terms, which is quite higher than our generated series of 460 terms. The "optimal" ODE (of order 16) is used to generate the terms † It is obvious that the minimal order ODE is the greatest common right divisor (gcrd) of all the non minimal order ODEs. However, this can hardly be used for the large order ODEs, especially that, for efficient computations, the non minimal order ODEs are obtained modulo primes. § Run through the integers Q > q = 11, D > m = 15 with f > 0, in (26) to obtain the minimal value of N .
necessary to obtain the minimal order linear ODE. This process (i.e. use the series of 460 terms known in exact arithmetic, obtain the "optimal" linear ODE modulo a prime, then the minimal order ODE) is repeated for many primes until the linear ODE can be reconstructed in exact arithmetic †. We call the corresponding linear differential operator G 7Df cc 11
with
and
The polynomials P 11 , P 10 , · · · , P 0 are respectively, of degree 45, 57, 58, 59, 60, 60, 60, 60, 60, 59, 58, 57. The polynomial P 11 (x) is given in Appendix A. The other polynomials P j (x) are too large to be given here. The indicial equation, at the singularity x = 0, is ρ 7 · (ρ − 1) 3 · (ρ − 2) = 0. The local exponents, at the singularity x = −7, are ρ = 3/2, ρ = 5/2, three times ρ = 2 and ρ = 0, 1, 3, · · · , 6. At x = ∞, the local exponents are ρ = 7/2 and ρ = 1, 2, · · · , 10. At all the other regular singularities, the local exponent are ρ = 5/2 and ρ = 0, 1, · · · , 9. The roots of the degree-45 polynomial P 11 are apparent singularities with local exponents ρ = 0, 1, · · · , 9, 11.
The formal solutions of the order-eleven operator G 7Df cc 11
are as follows. There is one solution beginning as x 2 + · · ·,
Three solutions come as
and seven solutions as
where the notation [x k ] indicates an analytical series that begins as
There are three (analytical at 0) solutions. The series S 0 corresponds to LGF 7 (x) and has the "integrality property" [30] , i.e. it becomes, with the rescaling x → 84 x, a series with integer coefficients †. With the rescaling 84 which is the number of nearest neighbors in the lattice, the generating function counts the excursions in the fcc lattice. In contrast the series S 2 and S 1 are not globally bounded [30, 31] : they cannot become series with integer coefficients up to a rescaling.
The occurrence of more than one non-logarithmic solution, at any regular singularity, may be an indication that the linear differential operator factorizes. This is neither necessary nor sufficient.
Since G 7Df cc 11
is obtained with the series (20) which is the series in front of the log with the maximum power, if G 7Df cc 11 factorizes, it should have a left factor of order seven.
To factorize large order linear differential operators, we make use of the method sketched in Section 4 in [18] (see also Section 6 in [32] ). This amounts to "following" the series pertinent to a specific local exponent at a given singular point. For instance, we translate G 7Df cc 11
to the point x = −7, and seek for the linear ODE corresponding to the series that begins as t 2 + · · · or as t 5/2 + · · ·, where t = x + 7. Linear combinations of series with different local exponents are considered as well, like the series t 3/2 + · · · and the series t 5/2 + · · · at the point x = −7. Here we take the expansion around x = 0, where we have the combination of three solutions to consider. In this method, we produce the general (analytic at 0) solution of G 
The expansion of LGF 7 (x), given in (20) , corresponds to the values a 0 = 1, a 1 = 0, a 2 = 1/84. The series S 2 corresponds to a 0 = 0, a 1 = 0, a 2 = 1, and the series S 1 corresponds to a 0 = 0, a 1 = 1, a 2 = −55/1008. The computation being done modulo a prime, the coefficients of the combination are in the finite range [1, p r ], p r being the prime. The "optimal" linear ODE corresponds to the triplet (Q 0 = 16, D 0 = 22, f 0 = 3). For a given combination of the a j , the series (33) is used to obtain the ODE. If the parameter f is found such that f > f 0 = 3, this means that there is a right factor to G 7Df cc 11
. If, for any combination of solutions (i.e. the coefficients a 0 , a 1 and a 2 have been fixed to any value in the range [1, p r ]), one obtains f = f 0 there is no right factor over the rationals. All the combinations have given the "ODE-formula" (26) .
We have also shifted G 7Df cc 11
to the point at infinity x = 1/t = ∞. Producing the series that begins as t 7/2 · (1 + · · ·) we find that the linear ODE is of minimal order eleven. Similarly, at the point x = −7, we find that the series beginning as (with t = x + 7), t 2 · (1 + · · ·), which corresponds to the local exponent ρ = 2 3 , as well as the combinations of t . For all the other regular singularities, the non analytical local exponent is ρ = 5/2. This includes the point x = 1, for which the linear ODE is shifted, and the corresponding series requires a linear ODE of order eleven. We conclude that the order-eleven linear differential operator G 7Df cc 11 is irreducible over the rationals. Similar calculations show that G 5Df cc 6
and G 6Df cc 8 are also irreducible. For these two cases, we have carried out the check only with the analytical solutions around the point x = 0.
Besides the irreducibility of all the known linear ODEs of the fcc lattice Green functions, one remarks that their singularities "proliferate" on the real axis as d increases, and these singularities are all rational numbers. All the series LGF d (x), (d ≤ 7) have unity as convergence radius, and all the singularities of the linear ODE are, besides x = 1, outside the unit circle |x | = 1. We may wonder whether these properties continue for the next d's ? In section 6, we will show that it is not necessary to actually obtain the linear ODE to get the answer. In the following, we show another property shared by the known linear ODE of the fcc lattice Green functions.
Canonical decomposition of the irreducible operator G 7Df cc 11
In a previous paper [22] , we have shown, for many operators, the equivalence of two properties: the homomorphism of the operator with its adjoint, and the occurrence of a rational solution for the symmetric (or exterior) square, or a drop of order of the symmetric (or exterior) square. The operators with these properties are such that their differential Galois groups are included in the symplectic or orthogonal differential groups. The differential Galois groups of the differential operators G 5Df cc 6
and G 6Df cc 8 are, included respectively, in the SO(6, C) and Sp(8, C) groups.
In a recent paper [23] we forwarded a "canonical decomposition" for those operators whose differential Galois groups are included in symplectic or orthogonal groups. These linear differential operators are homomorphic to their adjoints, and a "canonical decomposition" of these operators can be written in terms of a "tower of intertwiners" [23] .
For the differential operator G 5Df cc 6
, this canonical decomposition reads (see eq.(41) in [22] ),
where r 1 (x) is a rational function, and where V 2 and V 1 are self-adjoint operators of order, respectively, one and five.
The canonical decomposition of the operator G 6Df cc 8
is (see eq.(61) in [22] )
where r 2 (x) is a rational function, and where W 2 and W 1 are self-adjoint operators of order, respectively, two and six.
In the sequel, we address this issue for the order-eleven linear differential operator G 7Df cc 11
. Note that using the formal solutions of the linear differential operator G 7Df cc 11
, it is easy to show that its symmetric square is of order 65 instead of the generically expected order 66. The operator G 7Df cc 11 is in the differential Galois group SO(11, C). We find that the order-eleven linear differential operator G 7Df cc 11 has the following decomposition:
where r(x) is a rational function, where U 2 , U 3 , U 4 and U 5 are order-one self-adjoint operators, and where U 1 is an order-seven self-adjoint operator. The U n 's are too large to be given here. The formula (36) occurs because G 7Df cc 11
is non-trivially homomorphic to its adjoint
and the decomposition is obtained through a sequence of Euclidean rightdivisions. Denoting G 7Df cc 11
= L [5] and L 10 = L [4] , one has
A simple substitution gives the decomposition (36) in terms of the five self-adjoint operators U n .
From the decomposition (36), and since the self-adjoint operator U 1 is of odd order greater than one (see [23] for the details), one can understand why the symmetric square of the order-eleven linear differential operator G 7Df cc 11
is of order 65 instead of the generically expected order 66. The symmetric square of the self-adjoint orderseven operator U 1 is of order 27 instead of the generically expected order 28.
From the decomposition (36) one can also deduce that the symmetric square of the adjoint of the order-eleven linear differential operator G 7Df cc 11 has a rational solution that is the square of the solution of the adjoint of the order-one operator U 5 .
One can also see the second intertwining relation between the order-eleven linear differential operator G 7Df cc 11 and its adjoint
Again, one can consider the homomorphisms of L 4 with its adjoint, and the homomorphisms of L 10 with its adjoint, getting this way a "tower of intertwiners" (see [23] ). In terms of the U n 's, they read
These two intertwiners have "special" differential Galois groups, included in SO(4, C) and SO(10, C) for respectively L 4 and L 10 . The symmetric square of L 4 has a rational solution corresponding to the square of the solution of U 5 . The symmetric square of the adjoint of L 4 annihilates a rational solution which is the square of the solution of the adjoint of U 2 .
The symmetric square of L 10 has a drop of order: it is of order 44, instead of the order 45, generically expected for an order-ten operator. The symmetric square of the adjoint of L 10 is of the generic order 45 and annihilates a rational solution which is the square of the solution of the adjoint of U 4 .
Landau singularities
There is an analytical approach to obtain the singularities of functions, defined through n-fold integrals, which amounts to imposing conditions on the integrand. These conditions on the integrand are called Landau conditions [20, 21, 33, 34, 35, 36, 37, 38, 39] , and the singularities obtained this way are called Landau singularities.
The singularities of the linear ODE, annihilating the d-dimensional face-centred cubic lattice Green functions, are obtained by solving, in the variables cos(k j ), the Landau equations § corresponding to (1)
and plugging in:
It is straightforward to solve the system (42) for any value of d. When all cos(k j ) 2 = 1, the system of equations (42) is verified, and one obtains the singularity x s = 1. For cos(k 1 ) 2 = 1 and cos(k j ) 2 = 1, j = 1, the system (42) becomes linear, and one obtains a set of singularities. The next step is to consider cos(k 1 ) 2 = 1, cos(k 2 ) 2 = 1 and cos(k j ) 2 = 1, j > 3, a set of singularities (that may include some of the first set) is obtained, and so on. At each step, the problem amounts to solving a linear system where the coefficients are 0 and 1.
The set x s of singularities read
where For d = 7, our Landau singularities (44) are in agreement with the singularities occurring in the linear ODE and given in (28) .
The Landau singularities corresponding to LGF d (x), and given by (44), are, obviously, all rational numbers, and are all such that |x s | > 1, except of the singularity x s = 1.
As the dimension d goes higher, the number of the singularities goes as d 2 . For each dimension d, the minimal value of the singularities is given by S min = −d· (d−2), while the maximum value S max of the singularities depends on whether the dimension Table 1 . The local exponents ρ at x = 0, x = ∞ and x = 1. For the last two points, only the non analytical exponent is given. If all this is correct, the order of the ODE of the d-dimensional fcc lattice should read: For the linear ODE of the eight-dimensional fcc lattice, if we assume the order to be 14, the number of the singularities given by (43) as 19 (omitting the multiplicity), and the degree of the apparent polynomial twice the degree of P 11 , one obtains the estimates given in Table 2 .
The differential Galois group of the linear ODE for LF G d
We have seen that the differential Galois groups of the linear differential operators for the fcc lattice Green functions in five, six and seven dimensions, namely G would be included respectively in Sp(14, C) and SO(18, C).
It has been underlined in [23] that the right-most self-adjoint operator in the "canonical decomposition" of these operators with "special" differential Galois groups plays a selected role: the rational solutions of the symmetric (resp. exterior) square of these operators (or the drop of order of these squares) does not depend on the other self-adjoint operators of the decomposition but only on this right-most self-adjoint operator (multiplied by the rational function r(x) of the decomposition). This rightmost is V 1 for G 5Df cc 6 (see (34) 
(see (35) ), and U 5 for G 7Df cc 11 (see (36) ). Let us remark that the right-most self-adjoint operators of the linear differential operators for the fcc lattice Green functions in five, six and seven, are respectively of order five, six and seven. It is, thus, tempting to imagine that the linear differential operators for the fcc lattice Green functions in eight and nine dimensions, will correspond to a decomposition generalizing (36) (see [23] ), involving three ordertwo self-adjoint operators and a right-most self-adjoint operator of order eight, and that the decomposition for the operator associated with the fcc lattice Green function in nine dimension will correspond to nine order-one self-adjoint operators and a rightmost self-adjoint operator of order nine. A similar "ansatz" can be made for fcc lattice Green functions in any dimension d: we could imagine decompositions in terms of a right-most self-adjoint operator of order d and q − d order-one self-adjoint operators for d odd, and (q − d)/2 order-two self-adjoint operators for d even, where q is given by (54).
Return probability
The latttice Green functions arise in the study of random walks in probability theory.
Here the value at x = 1 of LF G d (x) = P d (1) gives the return probability
which is the probability for a walker, starting at the origin, to return to the origin. For the d = 3 fcc lattice, the return probability is known in closed form [40] 
while, for d = 4, · · · , 6, only the numerical values are obtained. With the recursion of the order-eleven ODE annihilating LGF 7 (x), one computes the number of terms of the series necessary to evaluate R 7 to the desired accuracy. The value ‡ of R 7 completes the Table given in [5] , which shows a dependence on the dimension of the lattice. The values of R d , in Table 3 , shows a decrease, as d goes higher, that can, for instance, be of the form d −α , with α > 0.
where the C n (d)'s are polynomials in d of degree n.
For large values of d one can deduce from LGF d (x), a series expansion in 1/d, namely
where the fact that coefficients of 1/d n in (59) are polynomials is a straight consequence of the fact that the (rational functions of d) coefficients of x n in (57) behave as 1/d n for large d.
One deduces with (59), the expansion, for large values of d, of the return probability R d :
which has the "integrality property", i.e. it becomes a series with integer coefficients with the rescaling d → d/2. The series (60) is a divergent ‡ series, and shows the trend in d −2 for large values of d.
Remark:
The fact that the coefficients of x n in (57) behave as 1/d n for large d, does suggest to introduce the rescaled variable y = 2 x/d, into the series (57) to obtain a series in y with rational coefficients in d. In the d → ∞ limit this series becomes a (divergent) series with integer coefficients: 
Conclusion
In this paper we presented a recursive method to generate the series coefficients of the lattice Green function of the d−dimensional fcc lattice. The series for d = 7 has been obtained to some length and thanks to the idea that many linear ODEs, of order larger than the minimal one, may be obtained with fewer terms, we have obtained the linear ODE that annihilates the lattice Green function of the seven-dimensional fcc lattice. The (minimal-order) linear differential equation for the seven-dimensional fcc lattice is of order eleven and is irreducible. We show that the differential Galois group of the corresponding operator is included in SO(11, C). This order-eleven operator is non-trivially homomorphic to its adjoint, and we found a decomposition of this operator in terms of four order-one self-adjoint operators and one order-seven self-adjoint operator.
As far as the singularities are concerned, we show that the singularities of G 7Df cc 11
follow the scheme observed for the linear ODEs of lower d. With the Landau conditions ‡ As far as it is safe to make the conclusion with a series of only 34 terms. † The corresponding order-two operator has the unique factorization (d/dy + (3 y + 2)/(y(y + 1))) · (d/dy + (2 y 2 − 1)/(2y 2 (y + 1))).
approach, we showed that the singularities, for any d, are all rational numbers, which are, beyond x = 1, outside the interval [−1, 1].
As the return probability in random walks in (fcc) lattice may be of interest, we also evaluated the return probability R 7 of the seven-dimensional fcc lattice. The recursive method of generation of series terms of LGF d (x) is sufficiently effective to let us produce short series for many values of d. With these results, we inferred that the return probability R d behaves as d −2 for large values of d.
The linear differential operators whose differential Galois groups are included in the symplectic or orthogonal groups have a "canonical decomposition" in terms of selfadjoint operators [23] . For the known linear differential operators G
, some observations on the specific "ansatz" form of their "canonical decompositions" in terms of self-adjoint operators are sketched in section 7.2. These speculations are a strong incentive to perform the calculations for the fcc lattice Green function, in the higher dimensions †.
